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lESTR \CT 

i / 33  C 
f 

F'o1lo:ainr.  t h e  s x a c t  l i n 2 a r  t heo ry  of' conic21  s h e l l s  F iven  

1 i n  E ' l~y; -e fs  "Strey.ses  i n  S p e l l s " ,  a s o l l i t i o n  f o r  a seF.r.ent o f  an 

j - s o t m p i c  t r u n c a t e d  c o n i c a l  ~ h c l l  w i t h  1 ineqTly  vziyzrin- t' j ckness  

s z k j e c t e d  t o  a n  a r b i t r a r y  l a t e r a l  norya l  losd i s  obta ine : i .  'I'he 

I seynen t  i s  clamped a t  t h e  s . r ,a l ler  c i r c l l l a r  end and f r e e  a t  t h e  

o t h e r  end .  s h e  s t r a i r h t  e Q , e s  ly i r , p  i n  two m e r i d i a n s  a r e  assumed 

I t o  be f r e e  from bendin;; and normal f o r c e .  A U - a - ( d I t  



ri i .vai  s i t  y o f  . \ l a  i 3 ~~2 

bureau  o f  d n g i n e e r i n p  r iesearch 

and 

Rese j r c h  I n s t i t u t e  

STRESSES IN X SEGI’WXT 0 2  A CONICAL SIldLL 

SUEJdCTdD T 3  LATEElAL IKi3NAL LO A3 

by 

Chin €:a0 Chang, Pk!.i).-,.- 

T . T’;rT30 -lr1CTI?:: 

The s t s d y  of a s-;-rner,t of a c o n i c s l  +e11 i e  o f  i n t e r e s t  t o  

I t h e  s p o n s o r i n [ .  a i e n c y  a s  t h e  st>iij- r - l a t e s  to  t h e  s t r e s E  a n a l y s i s  

o f  e n s i n e  sh rounds ,  11 sh roud  is  a seETent of a c o n i c s l  shell s u b -  

j e c t e d  to  l a t e r 2 1  normal l o a d  a 2 3  t empera tu re  chanpe.  The s m a l l e r  

, c i r c u l a r  edge  may be c o n s i z e r e d  clamped and t h e  otl-,er t h r s e  edz-es 

f r e e .  

The a n a l y t i c a l  i n v e s t i g a t i o n  o f  such a s t r u c t u r e  mag be 

d i v i d e d  i n t o  two phases .  The f i r s t  phase  i s  concerned  w l t h  the  

l a t e r a l  normal l o a d ;  t h e  sec3zI: ,  wit’:J t h e  t empera tu re  chanl:e.  T’3c 

p r e s e n t  r e p o r t  i s  t h e  r e s u l t  of a s t u d y  o f  t h e  f i r s t  phase  o n l y .  

The o t h e r  phase  r e q u i r e s  f u r t h e r  i n v e s t i G a t i o n .  

A s y s t e m a t i c  l i t e r a t u r e  s e a r c h  for t h e  f o r m u l a t i o n s  2nd 

s o l u t i o n s  of p r o b l e m  concerned  w i t k -  c o n i c a l  s h e l l s  s u b j e c t e d  t o  

%- A s s i s t a n t  P r o f e s s o r  of  Lnp -neerin,rP Y3chanic2, u n i v e r s i t y  o f  

A l a  barna, Univ e r  s i t  y , Alabama. 
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nnrmal lo*:os h a s  b c c n  x ? : c .  l ' i ;  e j n  1,ir r ; -?ccnt  bu3! , :?CJ cIerlcc 

(1) "Streszes i n  S h c l l s , "  p r e s e n t s  t h e  mo? t comple te  an2 I? i rcc t ; ly  

a F y l i c a b l e  b a s i c  f o r m u l a t i o n s  o f  the  problem. ' I 'his f o r m u l a t i o n ,  

which i s  c x a c t  w i t h i n  t h e  frame-work of' l i n e a r  t h e o r y  02 a l a s t i c i t y ,  

w i l l  b e  f o l l o w e d  i n  1.he p r e s e n t  work,  

The a v a i l a b l e  s o l u t i o n s  of homogenous c o n i c a l  s h e l l  problems 

can be  c l a s s i f i e d  i n t o  two s a t e g o r i e s .  The F i r s t  c a t e g o r y  i s  f o r  

s h e l l s  w i t 3  c o n s t a n t  t h i c k n e s s ,  The second i s  f o r  t h o s e  having  

a t h i c k n e s s  d i r e c t l y  p r o p o r t i o n a l  to t h e  d i s t s n c e  w a s w e d  f rom 

t h e  apex  a l o n g  t h e  s u r f a c e ,  T h i s  d i s t a n c e  w i l l  be  deno ted  by s .  

A l l  t h e  s o l u t i o n s  a r e  f i m c t i o n s  o f  two r a r i a b l e s ;  one v a r i a b l e  i s  

s ,  t h e  o t h e r  v a r i a b l e  i s  t h e  anF le  8 measure2 i n  a p l a n e  perpen-  

d i c u l a r  t o  t h e  g e o m e t r i c  a x i s  of the cone. I n  a l l  o f  t h e  s o l g t i o n s ,  

t h e  v a y i a b l e s  a r e  s e p a r a b l e ,  s o  t h a t  t h e  s o l u t i o n s  are e x p r 5 s s e d  

i n  tgrrns of F o u r i e r  s e r i e s  i n  8 w i t k  f u n c t i o n s  of  t b e  o t h e r  

v a r i a b l e s  a s  c o e f f i c i e n t s .  . I n  t h e  f i r s t  c a t e g o r y ,  i f  t h e r e  i s  

I a x i a l  symmetry, s e e n  from d e f e r e n c e  ( 2 )  and  (3), t h e  c o e f f i c i e n t s  

a r e  E ,e s se l s  f u n c t i o n s  w h i l e  i f  t h e r e  i s  a x i a l  asymmetry s e e n  

f rom f i e f e r e n c e s  ( L ! )  t o  ( 7 ) ,  t h e  c o e f f i c i e n t  a r e  power s e r i e s ,  A s  

i t  i s  p o i n t e d  ou t  i n  t h e  d i s c u s s i o n  of  R s f e r e n c e  (5) and also i n  

( 6 )  t h e s e  p o w e r - s e r i e s  converge  s o  s l o w l y  t h a t  t h e  s o l u t i o n s  ob- 

t a i n e d  a r e  o f  no p r a c t i c a l  use ,  I n  t h e  second c a t e F o r g ,  s een  

from R e f e r e n c e  ( 1 1 ,  r e g a r d l e s s  o f  whether  o r  n o t  a x i a l  symmetry 

e x i s t s ,  t h e  c o e f f i c i e n t s  a r e  tziiaen i n  c l o s e d  forme. 

I 

I n  t h e  p r e s e n t  problem, t h e r e  i s  a x i a l  asgrllmetry. The t h i c k -  

m s s  of  shell c o u l d  b e  e i t h e r  c o n s t a n t  o r  l i n e a r l y  vsryirq?. The 

L q?la11 _ _  .-1 , ; 2 ~ ' y ~ c c t  j.: r - : i i t c ;  i;t;?-n 3n;i .:.E, Iar ?,:.:c;; fror1. ti:; 2 

Lf' t h e  s h e l l  thicknes..:; v a  .? i i ;c  t;-fe r?!;e of'  cl2anr.e Of . t h e .  t b i c k -  

n:-:ss 2.2 vcr;; snlall. -1 --zr s i . m l i c i t y  t h e  t h i c k z e s z  will be 
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sssumi ' :  t o  -31.3 liiic'lrl;' f r * > m  t h e  apslr. 'rhs ~ k ! ~ ! l l .  !.F 

also asz:imett t o  k c  i s? t r : I - ic ,  N s v e r t h e l s s s ,  i f ,  

i t  i s  o f  i n t e r e s t  to t h e  sponsor ing  agency, a s  t h e  nex t  s t e p ,  a 

segment of a c o n i c a l  s h e l l  w i t h  c o n s t a n t  t h i c k n e s s  and o f  o r t h o t r o p i c  

m a t e r i a l  w i l l  b e  c o n s i d e r e d ,  

The c o n i c a l  p a n e l  s t u d i e d  h e r e ,  a s  mentioned b e f o r e  i s  a 

c a n t i l e v e r e d  one s u b j e c t e d  t o  l a t e r a l  normal load  w i t h  t h e  s m a l l e r  

c i r c u l a r - a r c  end clamped and t h e  o t h e r  end f r e e .  The two s t r a i g h t  

edges  l y i n g  on two n e r i d i a n s  a r e  f i r s t  c o n s i d e r e d  a s  f r e e  edges .  

However, c o n s i d e r i w  t h e s e  ei ipes  f r e e  c a u s e s  some t r o u b l e  i n  

s e e k i n g  an  a n a l y t i c a l  s o l u t i o n ,  IS has  been p o i n t e d  o u t  i n  t h e  c a s e  

of a p a n e l  c u t  from a c y l i n d r i c a l  s h e l l  i n  R e f e r e n c e  (1) p .  239: 

"it h a s  s o  f a r  n o t  been p o s s i b l e ,  and p r o b a b l y  n e v e r  w i l l  be w i t h  

s imple  ma themat i ca l  m a n s ,  t o  f i n d  a s o l u t i o n  which can s a t i s f y  any 
I 

t4-ain-t -P Le nl 7 f ' n 3 r n  n nf P 
U I I  & V U *  " 

r e c t a n g u l a r  p a n e l  c u t  f r o m  a c p l i n c r i c a l  s h e l l . "  It seems t h a t  

I t h i s  9 s  a l s o  t r u e  i n  t h e  p r e s e n t  case .  A f t e r  a n  a n a l y t i c a l '  exam- 

i n a t i o n  and a c o n s i d e r a t i o n  of p r a c t i c a l  convenience ,  t h e  s t r a i g h t  
I 
I edges  a r e  mod i f i ed  by a t t a c h i w  a b a r  t o  each o f  them. The b a r  

w i l l  c a r r y  t h e  a x i a l  and t r a n s v e r s e  s h e a r i n g  f o r c e  b u t  l e a v e  t h e  

s h e l l  e d e e s  f r e e  t o  r o t a t e  and t o  move i n  t h e  t a n g e n t i a l  d i r e c t i o n s .  

I n  what f o l l o w s ,  a s o l u t i o n  w i l l  be o b t a i n e d  which w i l l  s a t i s f y  

t h e s e  m o d i f i e d  boundary c o n d i t i o n s  a l o n ?  e a c h  of  t h e  s t r a i g h t  edges .  

The s h e l l  semnent s t u d i e d  i s  of i s o t r o p i c  and homogeneous 

m a t e r i a l .  However, t h e  r e s u l t  could  be used f o r  a r a t i o n a l  des ign 

o f  a s t i f f e n e d  s h e 1 1  p r o v i d e d  t h e  s t i f f e n e r s  a r e  c l o s e l y  spaced  i n  

b o t h  d i r e c t i o n s .  A d e t a i l e d  p rocedure  f o r  a p p l y i n g  t h e  r e s u l t  t o  a 

s t i f f e n e d  s h e l l  i s  g i v e n  1-- ?1.q3cn.?i:; I .  
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11. SOLUTI 0 3  

Cons ide r  a segment o f  a t r u n c z t e d  t h i n  c o n i c a l  s h e l l  of 

e l a s t i c  i s o t r o p i c  and homogeneous m a t e r i a l ,  whose rniddle surface 

i s  d e s c r i b e d  by t h e  c o - o r d i n a t e s  s and 0 . L e t  s be  t h e  d i s t a n c e  

measured from t h e  apex  a l o n g  t h e  c o n i c a l  s u r f a c e  a s  shown in ii'ig.1, 

and 0 be the an;le m a s u r e d  from a f i x e d  m e r i d i a n  t o  a n o t h e r  one ,  

The i n c l i n a t i o n  of  s wi th  r e E p e c t  t o  the g e o m t r i c a l  ax i r  i s  i n -  

d i c a t e d  by t h e  a n g l e  9 
i s  f ixed  and t h a t  of  s = L  i e  f r e e .  The edges  l y i n ?  a l o n g  t h e  two 

1 
shown i n  the f i p r e .  The end o f  s=L 

m e r i d i a n s  of 0 =O an30 =(),are f i r s t  c o n s i d e r e d  t o  be f r e e .  L e t  

u,  v,  an6 w be t k r s e  d i s p l a c e m e n t  components i n  s, 8 and normal 

t o  t h e  x l d d l i  s u r f a c e  d i r e c t i o n s .  r e s p e c t i v e l y ,  The e l a s t i c  law 

assumes t h e  f o l l o w i r g  relations!-, ips between t h e  f o r c e s  and d i s -  

p l a  cements : 
p / s  = D E V ' +  $(Li*md tV+  N & d , ) ) - K ~ * * & O (  

Ne = DE (Sd + J + WA d) ++ 
I + K 3 mid +W&'d t w ' h c z a  + s w '3 * oc 

4 
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where XQ, * .  , . , . , xe s  a r e  f o r c e e  and moments p e r  u n i t  l e n g t h  a c t i n g  

on t h e  s e c t i o n s  o f  e l e m e n t s  as shown i n  F ig .  2. A l l  f o r c e s  and 

moments shown i n  t h e  f i p r e s  a r e  p o s i t i v e .  The d o t  symbol i n d i c a t e s  

t h e  p a r t i a l  d i f f e r e n t a t i o n  with r e s p e c t  t o  s, and pr ime,  d i f f e r -  

e n t i a t i o n  w i t h  r e s p e c t  t o  e . For i n s t a n c e ,  

L 

u'= 3Lc ds 

The r i g h t - h a n d  r u l e  i s  a p p l i e d  t o  t h e  double-arrow head which 

r e p r e s e n t s  moment i n  F i g .  2b. D and K a r e  c o n s t a n t s  of r i g i d i t y  

d e f i n e d  by 

and Et' 
K = l Z ( 1 - P )  

where E i s  Youngls modulus of  e l a s t i c i t y ,  3 i s  . M i s s o n ' s  r a t i o ,  

and t ,  t h e  t h i c k n e s s  of.' t h e  s h e l l .  

I Applying t h e  c o c 5 i t i o n  o f  e q u i l i b r i u m ,  t h e  f o l l o w i n g  six 

where Ps and p' a r e  t a n g e n t i a l  s u r f a c e  l o a d s  i n  s and 6 

d i r e c t i o n s  r e s p e c t i v e l y ,  p,. , t h e  normal  s u r f a c e  l o a d  a c t i n g  on 

an  e l emen t  p e r  u n i t  of' ax-ea. 

6 



The l a s t  e q u a t i o n  i n  ( 3 )  i s  an i d e n t i t y  which can be 

shown t h r o u g h  t h e  e l a s t i c  law (1). T h i s  e q u a t i o n ,  t h u s ,  can b e  

dropped. Usin- er ;uat ions (3d )  and ( 3 e )  t o  e l i m i n a t e  t h e  t r a n s v e r s e  

s h e a r i n g  f o r c e s  Q~ & e  i n  t h e  o t h e r  t h r e e  e q u a t i o n s ,  one f i n a l l y  

o b t a i n s  t h r e e  e q u a t i o n s  o f  e q u i l i b r i u m .  They a r e  

I It h a s  been  n e n t i o n e d  b e f o r e  t h a t  for s i m p l i c i t y  t h e  t h i c k n e s s  
1 

I 
of t h e  s h e l l  i s  assumed t o  be i n  d i r e c t  p r o p o r t i o n  to  t h e  d i s t a n c e  

1 a 

t = & s  

S u b s t i t u t i n g  t h i s  e x p r e s s i o n  i n t o  (21, one o b s e r v e s  

where 

k = -  6* 
12 

I 5 s  a v e r y  s m a l l  number because  6 , d e f i n e d  i n  ( 5 )  u s u a l l y  i s  a 

s m a l l  c o n s t a n t  . I 

7 



If t h e  segment i s  s u b j e c t  to  t h e  normal l o a d  o n l y ,  t h e  

e q u a t i o n s  or" e q u i l i b r i u m  may be expres sed  by means of  t h e  e l a s t i c  

law i n  terms of  t h e  t h r e e  d i sp lacemen t  components i n  the  f o l l o w i n g  

I 
t k  [s'w * *  0 ' f 2 s = W " 0 ; 3 K = d  .CWfi~l# q 4  j- 8 5 3  v\/.'. 

t 4 S V d ' ' * m 2 d  +$l l t31/ )Wo'  42 W'',&nLo( 

- (5-~'u)W1' ,4uLd - 2 ( f  -3v)S\rl'-W(/-,t&d),&% : pr 
The above f o r m u l a t i o n  of t h e  problem is  g i v e n  i n  Rafe rence  (1). 

The segment h a s  t h e  f o l l o w i n g  boundary c o n d i t i o n s :  Along s=L1 

i t  i s  clamped s o  t h a t  a l l  t h e  d isp lacement  components an2  also t h e  

r a t e  of change o f  w w i t h  r e s p e c t  t o  s mus t  vanish. i . e ,  

1 D 

a w  
a s  = O  

Along t h e  edge s = L, t h e  sepnen t  i s  f r e e  from a l l  s t r e s s e s  s o  

t h a t  t h e  normal  moment (i? ), normal f o r c e  (Nq), t r a n s v e r s e  and 

t a n g e n t i a l  s h e a r i n g  f o r c e s  ( Q s  and Nse) and t w i s t  aoment ( P I S b  ) 

c S 
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must v a n i s h .  The ~ r a n i s h i n g  of t h e  f i r s t  two f o r c e s  i s  q u i t e  

obv ious .  Simply 

-. 
f o r  e -= 

* 
The o t h e r  t h r e e  forces . ,  accord iqy  t o  r l l r c h h o f f ' s  law i n  tne  tLcory  

of p l a t e s  may be combined i n t o  t w o  by c o n s i d e r i n g  t h e  t w i s t i n g  

moment to De composed of Lchearing f o r c e s .  

a s  t h e  r e s u l t a n t  shear inr ;  f o r c e s  i n  t r a n s v e r s e  and t a n g e n t i a l  

d i r e c t i o n s  r e s p e c t i v e l y ,  one has-:: 

S I n t r o s u c i n g  S s  an2  T 

r Hence, one r e q u i r e s  

Ss = 0 and T E = 0 f o r  s = L (11) 

The boundary c o n d i t i o n s  slow t h e  t w o  s t r s i p h t  edges,  a s  

, mentioned b e f o r e ,  ar;e a l s o  cons ide red  t o  be f r e e .  Then a l o n g  

t h e s e  e d g e s ,  

Me = 0 

It i s  i m p o s s i b l e  t o  have all of' t h e  above c o n d i t i o n s  s a t i s f i e 2 .  I n  

o r d e r  t o  compare t h e  s i g n i f i c a n c e  of  t h e s e  f o u r  q u a n t i t i e s ,  an  

examina t ion  o f  t h e i r  o r d e r s  of nzagnitu3e w i l l  be t a k e n  i n  what follows. 

I t  is obse rved  f r o m  B a , . ( s )  t h a t  6 i s  a ve ry  s m a l l  c o n s t a n t  

because ,  i n  t h e  p r e s e n t  c a s e ,  s i s  m1.1ck l a r E e r  t h a n  t .  i.e. 1 .  
4. L 



It shou ld  a l s o  ’c= n o t e d  t h a t  u ,  v and w a s  w e l l  a s  t h e  p r o d u c t s  

of  s‘” t r i t l l  t h e  mth 

s a r e  o f  t h e  same o r d e r  a s  t ,  where n: is a n  i n t e g e r .  I n  f a c t ,  

t h i s  a s sumpt ion  i s  e s s e n t i a l  t o  t h e  p r e s e n t  t h e o r y .  Thus i t  

can  b e  seen  f r o m  e q u a t i o n s  (lb), ( I d )  and (If) t h a t ,  c o n s i d e r i n g  

t h e  l e a d i n g  te rms ,  

d e r i v a t i v e s  of  u ,  v and  w w i t h  r e s p e c t  t o  

, 
Ne = 0 (6) 
Nes = 0 ( 5 )  

M a = 0 (&) = 0 (a’, 

S a =  0 (e,) = 0 (TI = 0 (a’) 
and from e q u a t i o n s  ( 1 2 d ) ,  ( 3 d )  and (lg), 

(13-d 1 

where t h e  n o t a t i o n  0 (6) means t h a t  t h e  f u n c t i o n  i s  of  t h e  o r d e r  

of 4 ,  e t c .  Thus t h e  t r a n s v e r s e  s b a r i n p  f o r c e ,  S e  , is  of t h e  
I 
I h i E h e s t  o r d e r  of  d . T h e r e f o r e ,  i t  i s  n e g l i l - ; i b l e  o r  it may be 

p r o v i d e d  by a c o m p a r a t i v e l y  weak s u p p o r t ,  F u r t h e r ,  amonc t h e  

o t h e r  t h r e e  i n  (l3), t h e  t a n y e n t i a l  s h e a r i n g  f o r c e  Ner i s  e a s i l y  
I 
I p r o v i d e d  by a t t a c h i n s  a r e l a t i v e l y  i n e x t e n s i b l e  b a r  t o  e a c h  of 

t h e  s t r a i c h t  edges .  Ey r e q u i r i n g  t h i s  b a r  t o  have a c e r t a i n  de i f r ee  
1 
I o f  s t i f f n e s s  i n  t h e  normal t o  t h e  middle  s u r f a c e  d i r e c t i o n ,  i t  

may p r o v i d e  t h e  r e s i s t a n c e  to  b o t h  S\, and N6s. T h i s  m o d i f i c a t i o n  

a l l o w s  t h e  e d g e s  t o  be o n l y  p a r t i a l l y  f r e e .  Hence, a l o n g  t h e s e  

p a r t i a l l y  f r e e  e d c e s ,  one r e q u i r e s  t h a t  

Ne = 0 and M e  = 0 f o r 6  = 0 and 8, (14) 
O b s e r v a t i o n  of e q u a t i o n s  (lb) and (lf) r e v e a l s  t h a t  t h e  above 

I two c o n d i t i o n s  a r e  s a t i s f i e d  by assuming 

t where A ,  , Bn , and C n  a r e  c o n s t a n t s ,  an$Cs)is a f u n c t i o n  of‘ s t o  

be d e t e r m i n e d  by t h e  .-’et  Q L  d i f x s r e n t i a l  e q u a t i o n s  ( 7 ) .  (Note  when n=O.) 

I 10 



(15) r s p r e s e n t s  a c o f i f i - l r a t i o n  of t w i s t i n r  3lie t o  a d i s t r i k u t e d  

t an : ; en t i a l  F k e w i n F  f o r c e  a p p l i e d  a t  t h e  f r e e  e rd  a t  s=L ,  

which i n  of no  i n t e r e s t  i n  t h e  p r e s e n t  c a s e . )  

The normal m r f s c e  l o a d  pc nay  a l s o  be e x p r e s s e d  i n  F o u r i e r  

I s e r i e s  

-'or l a t e r  convenience,  a nondimensional  v a r i a b l y  i s  i n -  

I t r o d u c e d  s u c h  t h a t  
I 

3 =/? ( 1 7 )  

i n  which A,  i s  a c o n s t s n t  t o  k.e de te rmined .  

i n t o  ( 7 1 ,  3ne r e q u i r e s  

S u b s t i t u t i n g  (15) 

d , r A h  t d t z  Bn t d 1 3 C n  = o 
(19a -c )  I 

where 

11 

I 
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3 t 801-nv- + , t i ~ ~ . i ) n ~ ~ ~ ~ (  + + + &J 

A l l  d;; a r e  c o n s t a n t s  dependin9 o n  t h e  p a r a m e t e r s  k, 3 - O( and n. 
I! 

du dA dl3 

dri d z ~  d u  

dJr d3z d u  
1 

Tke homo:-eneous s o l u t i o n s  a re  o b t a i n e d  f r o m  a s e t  of' e q u a t i o n s  

1 0 

form-d by s e t t i n g  t h e  term on t h e  r i g h t  hand s i d e  o f  e q u a t i o n s  

(19) e q J a l  t o  z e r o ,  y i e l d i n g  

dti An + d,r& 4 d13 Ck = 0 

duAh+ JZL& tdaC, = O  (22)  

d31 An + d 3 ~  Be 4 d33 C, = o 
The n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  f o r  t h e  c o n s t a n t s  A, , 
E, an5  C, t o  be non-vanish ing  i s  t h a t  t h e  d e t e r m i n a n t  

formed by t h e  c o e f f i c i e n t s  of t h e  t h ree  s imul t aneous  e q u a t i o n s  

v a n i s h ,  i . e .  
r 

I one h a s  

where 

13 



All of' t h e  above a r e  c o n s t a n t s .  

Z q u a t i o n  (24.) h a s  eigh_t r o o t s ,  &;(j=l,2 ,...., e ) , $ ;  The r o o t s  

bh; may be r e a l  o r  complex, 'dhen they a re  complex, t h e y  occur  

i n  g roups  o f  f o u r :  4, = -f~~?p,,;  

I: The method o f  s o l v i n g  e q u a t i o n  (24) f o r  hh i s  g i v e n  i n  Refe rence  f P ) .  

14 



r -1,. _. - r :j. i qn : :  r - i - -  931118 L)f r_ .>  ( ; s i t -  si r. Sines 

t h e  s o l u t i o n  o f  rc;al roots can be iieauce2 from t h a t  o f  complex 

r o o t s  s imply  tcy lettin;.?,, e c u a l  t o  zo,ro, a c e n e r a l  e o l u t i o r  o f  a 

? r o u p  of  cFrrlnlex r o o t s  o f  An will ke  d i s c u s s e d  i n  wbat f o l l o w s .  

l e t  a y o u p  of' r o o t 2  ke  

?"I  =phi i i p l  An, = -Fa1  + ; f i n ,  

O n z  rXnc - c ' ~ f i ,  A 4 +  s - v n l - i / t n i  

Or? a u k s t i t u t i o n  o f  e a c h  one o f  t h e  above r o o t s  i n t o  e i t h e r  two 

of e q u a r i o n s  (221, one Tay s o l v e  f o r  -44 and Be; i n  terms o f  CR; 

(j=1,2,3 and L ) ,  such a s  

A n i  = d Cn; and 6n; = / n ;  Cad' (25) 
Now, one h a s  t h e  s o l u t i o n  of (15) of t h i s  g roup  of  r o o t s  of 

A n  as: f o l l o w s :  

h - 1  + cn,v4n*- l  J 
6, 

vu- -2 c,, ? " & - I  4 c n 3 v  na* 
n= I 

I n  t h e  above s o l u t i o n ,  do; ,p,,; and t h e  undetermined  c o n s t a n t s  

C,; aFe a l l  coyp lex  numbers,  
* .  , .  

-3eca1: An{ i s  conjuc-ate  t o h , , ,  and An3 i s  coc iur -3 te  t o  A,,+, T- 

one w i l l  e x p z c t  t h a t  d n l  i s  c o n j u g a t e  t o & &  an5 &a c o n j u g a t e  

15 



I n  o r 2 c r  t o  c>;?re=s t?c:  r o l u t i o n  i n  r e s 1  fo rx ,  n s e t  o f  r e a l  
- 

numbers cQ; i s  a l so  i n t r o d u c e d  such t h a t  

1 
I 

t r e a l  c o n s t a n t s  o(,,i , Fhj , e,,,; , x n a n d h 6  . Using t h e  i d e n t i t y  

t h e n  qh;, p,,; ,C,,; and >hi may be r e g l a c e d  by t h e i r  r e s p e c t i v e  - 

I and t h o s e  i d e n t i t i e s  b e h e e n  t h e  e x p o n e n t i a l  f u n c t i o n s  and 

h y p e r b o l i c  f u n c t i o n s ,  one brinzs  the  akove s o l u t i o n  i n t o  r e a l  

~ 

I 
When t h i s  s o l u t i o n  i s  i n t r o d u c e d  i n t o  e q u a t i o n s  (l), (3d )  and 

( 3 f ) ,  i t  i s  f o u n d  t h a t  a l l  o f  t h e  s t r e s s  r e s u l t a n t s  of t h e  horno- 

geneous  p a r t  m y  be  Yrought i n t o  t h e  fo rm 

16 



and. m i s  a number t o  i d e n t i f y  t h e  s t resses .  

and e x p r e s s i o n s  A,,,,, and &, a r e  g i v e n  i n  Table  T, 

Grrn and&, may k e  o b t a i n e d  by r e y l a c i n r  a n ,  , &Z ,&,I , , 8 n ~  and 

The ylalues ph, Q W  

The e q r e s s i o n s  

n l  i n  An,,, a n d  &, $dRQ, R,,3 ,,&and-p, I r e s p e  c t i v e l y ,  w h i l e l n t  

r ema ins  u n a l t e r e d .  '.ihen t h e r e  i s  a n o t h e r  s e t  of complex r o o t s  

of a, , s a g  
?Ins = prlz  + +fa An7 = - F n z  i L / h L  

&& = x n r  -+L A n t  = -$-n~. -i/- L 

t h e  d i s p l a c e m e n t  components and s t r e s s e s  w i l l  be i n  t h e  form 

17 



by ? u t  t i n 5  sh, = 0 n ,  9 / k n r  0 9 JA = d n i  ,p, and CL gfi~ 2 O 

Ther_gnrn=o , Anh 3re  t h e  c o c f f i c i e n t z  t o  b e  used  i n  ( 2 6 ) .  By  

t%e s . : T i l > Y  r q l a c s m c n t  one can  o k t a i n  t h e  c o e f f i c i e n t s  Grim, 

G h m  a ~ c l  g,, . 
r o o t s  of /),, , one r e t s  the  t m o . - e n e o u s  z o l u t i o n .  

lSepeatrin5 th i s  procedure  f o r  t h e  ot1:er p a i r s  of 

-1 p..rtic.;llar s s l d t i o n  i s  o b t a i n e d  i n  what f 'ollows when the  

l a t e r a l  n o r m 1  l o a d  2 i s t r i k u t i o . n  i n  t h g  s - c ! i r e c t i o n ,  P ( s )  i n  (16), 

i s  aszume3 ir? t h s  f o r m  

P(5)  = 5 t- 

a n  s u b s t i t x t i o n  of the above i n t o  e q u a t i o n  (19) and o b s e r v i n g  

( l y c j ,  one rin:<.s 

h n - I  = z ( T + z )  
o r  

i a  



Then 

- , E x p r e s s i n g  4, andE,, i n  terms o f r ,  , one h a s  

- 
A n  =q5h Cn and En = y& 

where 

Thus, t h e  p a r t i c u l a r  s o l u t i o n s  of t h e  d i s p l a c e m e n t s  a r e  i n  t h e  

S u b s t i t u t i n g  t h e s e  s o l u t i o n s  i n t o  t h e  e l a s t i c  l a w  (l), t h e  

p a r t i c u l a r - s o l u t i o n  p a r t  of t h e  s t resses  may be s i v e n  i n  t h e  

fo  l l o w i  ng i'o r m :  

19 
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d e f l e c t i o n  would be cons ide ra ' c l e .  An uD-bolJnd of' t h e  d e f l e c t i o n  

could  be r i v e n ,  i n  case  i t  i s  of i n t e r e s t ,  by c o n s i d e r i n ?  the  

b a r  as  a c a n t i l e v e r  bearr! m b j e c t e 2  t o  t h e  c r a n s v e r e e  s h e a r i n g  

Torce.  

For ve ry  t h i n  s h e l l s ,  t h e  c o n s t a n t  k d e f i n e d  i n  ( 6 )  i s  v e r y  

small .  Hence, some t e rms  o f  i t s  p r o d u c t  m i r h t  be o m i t t e d .  

Eowever, f o r  g e n e r a l i t y  and ks sed  on t h e  c o n s i d e r a t i o n  t h a t  t h e  

p r e s e n t  s o l u t i o n  can o n l y  be wcrkzd o x t  t h r a a g h  t h e  m e  o f  a 

h i c h  speed  c o r p u t e r ,  t h e  r e t e n t i o n  o f  t h e s e  te rms  would n o t  

cause  t o o  m c h  t r o u b l e .  The re fo re  a l l  of t'ne t e r m s  a r e  r e n a i n e d .  

E e f o r e  a c o n c l z s i o n  i s  Tsde, a n m s r i c a l  example s h o u l 3  be 

m 5 e .  i 'h is  w i l l  be done i n  8n e x t e n t i o n  o f  t h e  work. 
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Phe o b t a i n e d  s ~ l ~ t i o n  of t h e  g n s t i f f e n e d  sey.ment mag be  

a? , - l ied  t o  a s t i f f e n e d  seyment s imply by  r e p l a c i n t -  t h e  t h i c k n e s s  

t ,  r i T i d i t y  c o n s t a n t s  D and K d e f i n e d  i n  ( 2 )  and t h e  conTtant  
-- I 

k i n  ( 6 )  by t h e i r  equi -a lenceo ,  i f  t he  s t i f f e n e r s  a r e  c l o s e l y  

spaced  and a m a r q e d  i n  a ssme wa,- j.n k o t h  s and 8 - d i r e c t i o n s .  

The ec_; l iva len t  consta . t l ts  m y  b e  cnrn??itec? i n  t h e  f o l l o w i n r  way. 

Le t  t he  C e o n e t r i c a l  dimensions sr?d r q s t e r i a l  c o n z t a n t s  oi a :;i77en 

s t i i i e n e ?  sezment 

e , ,  L an3 X 

be E:iven and l e t  a ,  be the c r o s s - s e c t i o n a l  a r e a  o f  a s t i f f e n e r  

and a 2  be  t h e  a r e a  o f  the  w a l l  o f  the segment between two 

ne ig ,hbor inz  s t i f f e n e r s  which a r e  spaced  with a d i s t a n c e  b .  Then 

t h e  e q u i v a l e n t  t n i c l m e s s  t i s  Eiven by 

f r  = A. f Ar 
b 

The e q u i v a l e n t  momnt  of  i n e r t i a  p e r  u n i t  w id th  i s  2 , i n  which b 
I is  t h e  moxent of i n e r t i a  of t h e  c o m o s i t e  s e c t i o n  o f  a I and a a .  

7 = c *  II t 3  

from which one can compute the c o n z t a n t  c .  The e q a i v a l e n t  

r i F i d i t y  c o n s t a n t s  D and K may be o b t a i n e d  by f o l l o w i n c  ( 2 )  

and (-43)  : 

As s umi nc 
fs = 6 . s  



where 

a c o n s t a n t s  dtj d e f i n e d  i n  (21) and i n  t-x-n t h e  c o e f i i c i e n t z  2; y i ~ ~ z n  

i n  (21:) f o r  c r c h  n ( r1=1,2, . . . . , see  l a t e ) .  

To sol17e e q u a t i o n  (211) f o r  A, , f o l l o w i n -  t h e  n e t 3 o 5  i-riven i n  

r e f e r e n c e  ( c i ) ,  l e t  

A,' ' X  

which c a n  be s e p a r a t e d  i n t o  two e q m t i o n s  

where s a t i s f i e s  

an5 

4 RD- 4 E  
The approximate  s o l u t i o n  of 2 mag be o b t a i n e d  by t h e  r u l e  

where Z n  i s  t h e  n t h  a p p r o x i m t i o n  m n s i d e r i n g z ,  =O. I n  c a s e  

R -z=-a- &+, c - 
7 -  t h e  convergence of  t h e  a p p r o x i m t i o n  i s  s low,  ~ z w t o n  s method 

msy be a p p l i e d .  

approx ima t ion  i s  

12 Z =p 'ce any approximste  so l : J t ion ,  a b e t t e r  



T h e r e f o r ? ,  from e q u a t i o n s  (>~9) 3 ~ i i  ( 2 & 7 ) ,  3ne olztains e i r h t  

r o o t s  o r  say)n;  (i=1,2,....,r). The n e x t  s t e p  i s  t o  compute 
h' 

and (Ji as d e f i n e d  i r ?  (23). TheIT 713.7 be cozpLi.tec! f r o x  any 

two of  e c u a t i o n s  (22). L e t  the f i r s t  two be u s e 3  which, u s i n s  

t h e  c o e f i i c i e : i t s  r iver :  ir. ( 2 0 ) ,  'zec3ie 

(A10 ) 

Hence , (Al@)  m y  be  w r i t t e n  i n  the  f o l l o w i n -  f o r m  

24 



D =  

=[c 

c 

where A ,  , x, , Q 

r e s p e c t i v e  equations. Then, one has  t h e  r o o t s  o f  Ah and Bh as 

, 5, , E and E, a r e  d e f i n e d  i n  t h e i r  
I 
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where 

It  m y  be seen  f r o n  ("12)  t o  (A121 t h a t  i f  ons chan:es t h e  s ign 

of'4,,; f r r m  p o z i t i v e  t o  r?eF.ative, o n l y  t b e  s i g n  of  t h e  ima2inar-y 
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r e a l ,  t h e s e  e x p r e s s i o n s  m y  be ob ta ined  by f o l l o w i n g  the  p r o c e d l x e s  

s t a t e d  a z t e r  e q u a t i o n  (27). 

hornoj eneous so  liJti on.  

This  c o T p l e t e s  t k e  c o n p u t a t i o n  o f  t h e  

Cons ide r  the c a s e  i n  which the l a t e r a l  n o r x n l  load is gniforrnly 

d i s t r i b u t e d  i n  the 

sucii t h a t  

s - d i r e c t i o n  ar.d i s  a s t e p  f u n c t i o n  i n  e-d- ipect ion 

P Y I  -Fer 0 5  0 4  3 
p - p a  & % < e 5 el 

IIence\d = 13 i n  ( 2 F ’ ) .  Tke zq i n  ( 1 6 )  my be com?ated as c o e f f i c i e n t s  

of ik’ourier s e r i e s .  For t x  akove l o a d ,  

The c o n s t a n t s  1 and 3 which appeared  i n  ( 2 9 )  and ( 3 0 ) ,  now a re  - A -  5 and J = A- q LL 
I - 

kience, one mag compute C, , $,, a n d y b  a s  r i v e n  by (31) and (32). 

~ , % & = $ , , , ~ , ~ ~  ar?d‘?‘a=~YlasO.fAhw i n  Table  I, Then l e t  tihg xq, -= 

one o b t a i n s  the e x p r e s s i o n s  SnvySir! ( 3 b ) .  T h i s  ccrnpletes  t h e  

p a r t i c u l a r  s o l a t i o n  a n 2  one m.ay wr i t e  down the  

a s  follows: 

4 

I ’ &\= 

c o z p l e t e  s o l u t i o n  
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for e v e r y  n and where i = 1,2,3, and k o  The o t h e r  s e t  of  f o u r  

c o n d i t i o n s ,  for y = 1, is 
A k K  G, + BnrEnL + G ~ K  C433 + ffw Csrt 

+ G n K C h s  +b,,rZ%L f p h ~ r k ~  f h w  Fnng - S ~ W  Cn 
L 

where k = 5, 9, 15 and 15 arrd a l s o  f o r  e v e r y  n .  ‘The e i c ‘h t  

c o n s t a n t s  CQ. a r e  reacl i ly  de t e rmined  f rom t h e s e  e i z h t  s imul t aneous  

equat ions: .  

- 
S u b s t i t u t i n t  t 3 e s e c ;  back i n t o  ( A l L l ) ,  one o k t a i n s  a l l  

t h e  s t r e s s e s .  However, i t  lnust be n o t e d  t h a t  for t k e  p r e s 5 n t  

s t i f f e n e d  sepment, t h e  c o e f f l i c i e r k f h i n  Table  1, fo r ;  m f r c n  9 t o  

17 i n c l u s i v e  have t o  be  modified by a z l t i p l y i n q  then; ’cy the  

c o n s t a n t  c Given i n  (~3). 
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It i s  s e e n  from Table  I t h a t  t h e  maximm nor-mal s t r e s s  

2nd rnornent OCC?IP  a t  5 = f I  and 8 =  et . Eence, f o r  d e s i c n  pu rpose ,  

t h e  r e s u l t a n t  s t r e s s e s  and a o m m t s  of t h e  s t i f f e n e r  a t  t h a t  

p o i n t  m n y  be  oktainec!  by r7i l t ipl ; ! i rF the s t r e s s  and ?loments a t  

t h a t  p o i n t  by the  spac in7  between t k e  two n e i p h b o r i n c  s t i f f e n e r s , b .  

To each  of the t w ?  s t r a i g h t  edges, a b a r  i s  r e q u i r e d  to  b e  

I a t t a c h e d .  T h i s  b a r  i s  sub:ected t o  t h e  a x i a l  a h e a r i n g  f o r c e  

Ne and t r a n s v e r s 3  s h e a r i n g  f o r c e  Se , I n  o r d e r  t o f u l f i l l  

t h e  assumpt ion  t h a t  the s t r a i y b t  e d t e s  o f  the s e p e n t  a r e  f r e e  

t 

t o  r o t a t e  azd t o  zove i n  the tanp , ;zn t ia l  d i r e c t i o n ,  t he  c o n n e c t i o n  

be txeen  t’k bar a n d  t h e  e k e  i s  r e q u i r e d  t o  be d e s i g n e s  a c c o r d i n g l y .  t .J 

I 
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?AFP3X31X 11. NOTATION 

The f o l l o w i n g  syrclbols have been a d o p t e l  f o r  Llse i n  t h i s  r e p a r t :  

a,: = F o u r i e r  c o e f f i c i e n t s ;  

anm, b,, = c o e f i i c i e n t s  d e f i n e d  i n  en_-Jation ( 2 7 b ) ;  

, An, En, Cn = c o e f f i c i e n t s  o f  s o l u t i o n s  o f  u ,  v and w i n  e q u a t i o n s  (15); 
- -  .-. - 

Any Dn,2, = c o e f f i c i e n t s  of t h e  p a r t i c u l s r  s o l u t i o n s  o f  u, v and  w; 

Anm, Bllm = c o e f f i c i e n t s  2 e f i n e d  i n  e q u a t i o n  (26b)  and Given i n  Table  I; 

Anj ,  S n j ,  Cnj = c o e f f i c i e n t s  of s o l u t i o n s  of u ,  v and w s s s o c i a t e d  

I 

w i t h  t h e  r o o t  A n ~ ;  

I d i j  = c o e f i i c i e n t s  def ine?-  i n  e q u a t i o n s  ( 2 0 ) ;  

I = c o e f f i c i e n t s  d e f i n e d  i n  e q u a t i o n s  ( 2 1 ) ;  
' i j  

d = c o n s t a n t  d e f i n e d  I n  e q u a t i o r ,  (2); 

D, = c o n s t a n t  d e f i n e d  i n  equa t io r ,  ( A L ) ;  
1 

I 
I E = Yo:inqls -nodulus of  e l a z t i c i t g ;  

I - C o e f f i c i e n t s  5 e f i n e d  i n  e q u a t i o a  (24); En - 
i 
1 F,, fm = r e n e r s l  f o r m  of LDmgeneozs s o l u t i o n s  a : soc iz ted  w i t h  

Fn,, fnm = f u n c t i o n s  d e f i n e d  i n  e c u a t i o n s  (26 'c)  and (2/k) r e s p e c t i v e l y ;  

G,, Ha, = c o e f f i c i e n t s  d e f i n s d  i n  e q u a t i o n  (26b); 

Znm, hq, = c o e f f i c i s n t s  Cisiin-d i n  e I ia t ior :  (Z7b) ;  

I:lm = c o e f f i c i e n t  d e f i n e d  i n  e q u a t i o n  ( 3 4 ) ;  

J = c o n s t a n t  d e f i a e ?  i n  e q u a t i o n s  (30); 

k = c o n s t a n t  d e f i n e d  i n  e o u a t i o n  ( 6 ) ;  

k, = c o m t a n t  d e f i n e d  i n  e q y a t f o c  (A3); 
3- = bendipg  risiiditii d e f i n e d  i;? eqi ia t ions  ( 2 ) ;  

I 

I 
r 

Ks = bending r i g i d i t y  of s t l f f e z e d  = h e l l  d e f i n e ?  i n  e q u a t i o n  (Ah); 

29 
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L, L1 = d i s t a n c e s  neasu red  from t h e  apex  a l o n g  the  c o n i c a l  s u r l a c e  

t o  t h e  f i x e d  end 2nd i r e e  end of the segment of t h e  cone r e s -  

p ec t i  v e l  y ; 

N S If, = normal aoments p s r  u n i t  l e n p t h  i n  p l a n e s  p e r p e n d i c u l a r  

t o  s and 8 d i r e c t i o n s  

Mso , 14, = Twis t in?  aornents p e r  u n i t  l e n g t h  i n  p l a n e s  p e r p e n d i c g l s r  

t o  s and 8 d i r e c t i o n s  r z s p e c t i v e l y ;  
_- 

Ns, I?, = I\!orrnal 2 o r c e s  p e r  u n i t  l e q - t k :  i n  p l a n e s  p e r ? e n d i c u l a r  t o  

s and 0 d i r e c t i o n s  rc?spectFvely;  
_ _  
I\! = tar_?:ent i21 s h e a r i n g  - f b r c e s  p e r  u n i t  i n  p l a n e s  p e r p e n d i c u l a r  s o ,  es la 

t o  s and  8 Z i r e c t i o z s  r - e p e c t i v 3 l y ;  I 

P,, 1 ,  , Y r  = s u r f a c e  l o a d s  p e r  u n i t  a r e a  i n  t h e  d i r e c t i o n s  o f  s ,  

8 and t h e  nDrmal t o  t h e  n i d d l e  s z r f a c e  r e s ? e c t i v e l y ;  
I 

I ‘.Ls, Q, = t r a n s v e r s e  shearinrp f o r c e s  i n  p l a n e s  p e r p e n d i c u l a r  t o  

s and 8 d i r . e c t i o n s  r e q e c t i v e l y  p e r  u n i t  1enr;th;  

G. = c o e f f i c i e n t s  d e f i n e d  i n  e q s a t i o n  ( 2 6 )  and r i v e n  i n  Tab le  I; 

s = d i s t a n c e  x a s u r e d  f r : , m  t h e  apex a l o n g  t h e  c o n i c a l  s u r f a c e ;  

S = c o e f f i c i e n t s  d e f i n e d  i n  e a u a t i o n  (‘Lk); 

1 rn 
I 

nm 
1 U S ’  C se = r e s u l t a n t  t r e n s v e r s e  s h e a r i n g  f o r c e s  due to Q s ,  Q e  PISO I 

- .  t = t h i c k n e s s  of s h e l l ;  

t, = e q u i v a l e n t  t h i c k n e s s  Df s t i f f e n e c !  s h e l l  d e f i c e d  i n  e a u a t i o n  (A2); 

Ts, T, = r e s u l t a n t  t a n g e n t i a l  s h e a r i n g  f o r c e s  due t o  Ns, , 140s 
Kso  and Mes;  

u,v,w = conponents  of d i s p l a c e m e n t  i n  t h e  d i r e c t i o n s  of  s ,  8 and 

t h e  normal t o  t h e  middle  s u r f a c e  d i r e c t i o n s  r e  q e c t i v e l y ;  

I = p s r t i c u l a n b s o l u t i o n s  of u, v anS! w ;  
Up Vp 9 Wp 

y = General s o l u t i o n s  defined i n  e q u a t i o n  ( 3 i a ) ;  

I 
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,+ 

J+ 
a n g l e  b e t x e e n  t h e  c o n i c a l  s u r f a c e  and a p l a n e  p e r p e n d i c u l a r  d =  

b =  

$ =  

A?, = 
c 

A =  

t o  t h e  axis  of  t h e  cone; 

c o e f f i c i e n t s  d e i i n e d  i n  e q u a t i o n s  ( 2 5 ) ;  

= r e a l  numbers of *'.j 
c o n s t a n t  F i v e n  i n  e q u a t i o n  ( 2 9 ) ;  

and f,,, ; 

c o n s t a n t  d e f i n e d  i n  e q u a t i o n  ( 5 ) ;  
a n y l e  between two m e r i d i a n s ;  

aRr l e  between the two e x t r e q e  T e r i d i a n s  of t h e  s h e l l  segr?ent;  

undetermined  constar?t  ;-iven i n  e q u a t i o n  ( l c . ' )  ; 

j t h  r o o t  o f  

khown c o n s t a n t  F iven  by e q u a t i o n  ( 2 9 ) ;  

/ u h ,  f l ~ t , , & z =  imaginary  p s r t s  o f  A,, and 

%fl, %fit, % z =  r e a l  p s r t s  of' A,., and A,. J 

; 

; 

2 = P o i s s o n 1 s  r a t i o ;  

$,= c o e f f i c i e n t  d e f i n e d  i n  e q u a t i o n  ( 2 6 a )  and e i v e n  i n  Table  1; 

D i f f e r e n t i a t i o n  No ta t ion :  I l i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  s and 

Q c o o r d i a n t e s  a r g  i n d i c a t e d  by d o t  " 0 "  

and pr ime "," r e s p e c t i v e l y ,  
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